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ABSTRACT: A narrow Gaussian excluded volume potential, which tends to a δ-function repulsive
potential in the limit of a width parameter d* going to zero, has been used to examine the universal
consequences of excluded volume interactions on the equilibrium and linear viscoelastic properties of
dilute polymer solutions. Brownian dynamics simulations data, acquired for chains of finite length, have
been extrapolated to the limit of infinite chain length to obtain model-independent predictions. The success
of the method in predicting well-known aspects of static solution properties suggests that it can be used
as a systematic means by which the influence of solvent quality on both equilibrium and nonequilibrium
properties can be studied.

1. Introduction

There is a growing recognition of the importance of
solvent quality in determining the rheological properties
of dilute polymer solutions. Though there are relatively
few systematic experimental investigations of the influ-
ence of solvent quality, nevertheless there is sufficient
evidence to suggest that material functions, in both
shear and extensional flows, are significantly different
from each other in good and θ-solvents.1-3 While the
theoretical description of the influence of solvent quality
on the equilibrium behavior of dilute polymer solutions
has been a major area of research,4-6 the description of
its influence on nonequilibrium behavior is still in its
infancy. Furthermore, most current nonequilibrium
theories do not attempt to develop a unified framework
that is also applicable at equilibrium, and the wealth
of experience and insight that has been gained so far
in the development of static theories is rarely used in
the description of dynamic behavior. The central pur-
pose of this paper is to introduce an approach for
describing the influence of solvent quality far from
equilibrium, which is consistent with our current un-
derstanding of its role in determining static solution
behavior. As a first step toward establishing the useful-
ness of this methodology, we demonstrate its capability
of reproducing some well-known universal static results.
Even in the case of well-established results, the method
is shown to provide some new and additional insights.
Furthermore, as an example of the versatility of the
approach, the influence of solvent quality on a universal
ratio of linear viscoelastic properties is also obtained.

One of the most important results of the experimental
investigation of the static behavior of dilute polymer
solutions has been the discovery that various propertiess
both in θ-solvents and in good solventssexhibit power
law behavior when the molecular weight of the dissolved
polymer is sufficiently large. It is perhaps less commonly
known that even when the molecular weight is not very
large, a type of scaling still persists, which enables the
description of behavior with the help of a single param-

eter. An illustrative example is the behavior of the root-
mean-square radius of gyration, Rg. Light scattering
measurements indicate that, for molecules of sufficiently
large molecular weight M, Rg obeys the power law Rg
) aMν, where the prefactor a depends on the particular
polymer-solvent system but the exponent ν does not.
In a θ-solvent, the universal exponent has a value, ν )
0.5, while in a good solvent, ν ) 0.592 ( 0.003.7 A
remarkable experimental observation is that, away from
these large molecular weight asymptotic limits, the
dependence of the mean size of the polymer molecule
on both the temperature T of the solution and M can
be combined into a single variable, τ̂(T)xM, where τ̂(T)
is a simple function of temperature, τ̂ ) (1 - θ/T), with
θ denoting the θ-temperature. A vast amount of equi-
librium data for a variety of polymer solvent systems
reveals that, when the swelling Rg of a polymer
moleculesdefined as the ratio of the radius of gyration
in a good solvent to the radius of gyration in a θ-solvents
is plotted as a function of τ̂xM in a log-log plot,
universal behavior can be obtained for all values of the
molecular weight, M, and temperature, T > θ, by merely
shifting each polymer-solvent system horizontally by
a suitable constant factor.7-10

The entire range of behavior exhibited by static
solution properties has been successfully predicted by
applying renormalization group (RG) methods.4-6 In
these theories, the macromolecule is frequently repre-
sented by a coarse-grained model, such as a bead-
spring chain, consisting of N beads connected together
by (N - 1) Hookean springs (with a spring constant H).
The presence of excluded volume interactions between
parts of the polymer chainswhich is believed to be the
basic reason for the existence of degrees of solvent
qualitysis usually taken into account by assuming the
existence of a Dirac delta function repulsive potential,
which acts pairwise between the beads of the chain11

where v(T) is the excluded volume parameter, kB is
Boltzmann’s constant, and rνµ is the vector connecting
beads ν and µ. In the limit T f θ, it can be shown that
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v depends on T through the relation v(T) ) v0τ̂(T), where
v0 is a constant.11 If a length scale, l ) xkBT/H, and a
nondimensional strength of excluded volume interac-
tions, z* ) v(2πl2)-3/2, are defined, then both the
temperature and the chain length dependence can be
combined into the single nondimensional parameter z
) z*xN. Completely consistent with experimental ob-
servations (since z ∝ τ̂xM), RG theories predict the
existence of power laws in the limit z f 0 (corresponding
to a θ-solvent) and in the limit z f ∞. The latter limit
is usually termed the excluded volume limit; it corre-
sponds to a good solvent at high temperature or to a
good solvent in which the dissolved polymer molecules
have a very large molecular weight. Significantly,
renormalization group theories also predict the exist-
ence of scaling functions that depend only on the
parameter z, which accurately describe the crossover
behavior of all static properties between these two
asymptotic limits, i.e., in the domain 0 < z < ∞.6

Despite the success of RG theories, it must be borne
in mind that they are approximate theories, dependent
to some extent on the order of the original perturbation
calculation on which they are based. Exact numerical
results for the excluded volume problem can, on the
other hand, be obtained by either Monte Carlo simula-
tions of self-avoiding walks on lattices12,13 or by off-
lattice Monte Carlo simulations.14 Since δ-functions
cannot be used in numerical investigations, off-lattice
Monte Carlo simulations are typically based on excluded
volume potentials with a finite range of excluded volume
interactions, such as the Lennard-Jones potential. An
important point to be noted, however, is that the
parameter z, which is the true measure of solvent
quality, does not appear naturally when potentials like
the Lennard-Jones potentials are used. Instead, simula-
tion results are functions of the parameters that char-
acterize the potential. It is possible, however, to infer
the value of z from simulation results by carrying out a
data shifting procedure similar to that used to bring
experimental data onto a universal curve, i.e., data for
various values of chain length N and various distances
from the θ-temperature, can be brought to lie on a
master curve.14 The procedure is quite involved, and
even the θ-temperature must first be estimated from
simulations. Furthermore, Monte Carlo methods cannot
be used to estimate rheological properties in general
flow fields, and so it is not clear how this procedure can
be extended to systematically examine the influence of
solvent quality on nonequilibrium properties.

The self-similar character of polymer molecules,
which is responsible for the universal behavior exhibited
by polymer solutions at equilibrium, is also responsible
for the universal behavior displayed away from equi-
librium.11 An important and fundamental challenge for
molecular theories is to verify the existence of this
universal behavior. The universal consequences of
excluded volume effects away from equilibrium has been
examined by Öttinger and co-workers15,16 with the help
of RG methods. Since these methods lead to approxi-
mate predictions, it is important to be able to assess
their accuracy. Further, these papers were focused on
predicting the universal behavior in the excluded vol-
ume limit, and crossover scaling functions for rheologi-
cal properties were not reported.

In this paper, we introduce a procedure by which
universal crossover scaling functions and asymptotic
behavior in the excluded volume limit can be obtained

for a δ-function excluded volume potential, both at
equilibrium and away from it. There are two key aspects
to this procedure. The first aspect is the use of the now
well-established strategy for obtaining the universal
predictions of a polymer model, namely, finding the
model’s predictions in the limit of infinite chain length.
As is well-known, in this limit, the large number of
degrees of freedom that are present make the large-scale
predictions of the model, independent of model param-
eters. In the context of simulations, the infinite chain
length limit is usually found by accumulating data for
larger and larger values of N and then extrapolating
the finite chain data to N f ∞. The second key
ingredient in our approach is the use of a narrow
Gaussian potential to represent excluded volume inter-
actions

where d* is an nondimensional parameter that mea-
sures the range of excluded volume interaction. The
narrow Gaussian potential, which was first suggested
by Öttinger as a tool for examining excluded volume
effects,17 and subsequently used by Prakash and Öt-
tinger in the context of a dumbbell model,18 is a means
of regularizing the δ-function potential since it reduces
to the δ-potential in the limit of d* f 0.

At first sight, it appears that, apart from a length and
time scale, the resultant theory would have three inde-
pendent parameters, namely, z*, N, and d*, contrary
to both experimental observations and RG theory re-
sults, which indicate that the only relevant variable is
z. Interestingly, howeversas has been established many
years ago by the so-called two parameter theories19sas
N f ∞, the parameters z* and N combine together to
form the single variable, z ) z*xN. Furthermore, our
previous investigations (which include an elementary
renormalization group calculation20 and asymptotic
results obtained with an approximate version of the
theory, namely, the so-called Gaussian approxima-
tion21,22) have shown that that the parameter d* always
appears in the theory as the rescaled variable d*/xN.
As a result, the choice of d* becomes inconsequential
in the limit N f ∞. In the infinite chain limit, conse-
quently, the only parameter in the theory is z. Indeed,
universal predictions, both at equilibrium and in the
linear viscoelastic limit,20 and at finite shear rates in
steady simple shear flow,22 have been obtained earlier
with the Gaussian approximation.

The central hypothesis therefore, behind the use of
the narrow Gaussian potential, is that when data
accumulated by carrying out exact Brownian dynamics
simulations for chains of finite length are extrapolated
to the infinite chain length limit, universal consequences
of the presence of excluded volume interactions will be
revealed, dependent solely on the value of the parameter
z and independent of the value of d*. Initial attempts
to carry out this program were unsuccessful because of
the large computational demands of Brownian dynamics
simulations. In this paper, we show that a numerical
solution can been obtained, and the computational
difficulties encountered earlier can be overcome by
adopting two novel solution strategies. As a result, a
means has been obtained by which an exact numerical
solution to the Edwards model, which is of fundamental
importance to polymer physics, can be found, and the

E(rνµ) ) ( z*
d*3)kBT exp{- 1

2l2

rνµ
2

d*2} (2)
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influence of solvent quality, measured directly in terms
of the parameter z, can be systematically examined.

The plan of the paper is as follows. In section 2, the
governing stochastic differential equation and the equa-
tions governing the various equilibrium and linear
viscoelastic properties are summarized. The solution
procedure used in this work is outlined in section 3. In
section 4, crossover scaling functions and universal
properties in the excluded volume limit, found by
extrapolating finite chain length results to the infinite
chain length limit, are presented, and in section 5 the
principal conclusions of this work are summarized.

2. Basic Equations
The internal configuration of a bead-spring chain

suspended in a Newtonian solvent undergoing homo-
geneous flow, with its N beads located at positions rν,
ν ) 1, ..., N, with respect to an arbitrarily chosen origin,
can be specified by the N - 1 bead connector vectors,
Qk ) rk+1 - rk, k ) 1, ..., N - 1, connecting beads k and
k + 1. Using the framework of polymer kinetic theory,
and taking excluded volume interactions into account,
a diffusion equation that governs the time evolution of
the distribution of configurations of the bead-spring
chain can be derived.21 Since the diffusion equation is
identically satisfied by Boltzmann’s distribution in the
absence of flow, it is equally applicable at equilibrium
and away from it. Consequently, solving the diffusion
equation would enable, at least in principle, the evalu-
ation of averages of various configuration-dependent
quantities in both regimes of behavior. Unfortunately,
the diffusion equation is analytically intractable. How-
ever, exact numerical averages can be obtained by
exploiting the mathematical equivalence of the diffu-
sion equation in polymer configuration space and the
stochastic differential equation for the polymer config-
uration. Since averages calculated from stochastic tra-
jectories are identical to averages calculated from
distribution functions, stochastic trajectories can be
generated by numerically integrating the stochastic
differential equation with the help of Brownian dynam-
ics simulations.17 This is the approach that has been
adopted in the present work.

Introducing the following nondimensional variables

where λH ) ú/4H is a time constant (with ú representing
the bead friction coefficient), K(t) is the traceless trans-
pose of the velocity-gradient tensor for the homogeneous
flow field, and φ is the total potential energy in the
bead-spring chain due to the presence of Hookean
springs and excluded volume effects

it can be shown that the stochastic differential equation
for the bead-connector vectors has the form21

Here, Wν* is a Wiener process, whose 3N-dimensional
components satisfy

for j, k ) 1, 2, 3 and ν, µ ) 1, 2, 3, ..., N. The quantity
Bh kν is an (N - 1) × N matrix defined by Bh kν ) δk+1,ν -
δkν, with δkν denoting the Kronecker delta, and Ajk is
the Rouse matrix

It is important to note that hydrodynamic interactions
between the different beads of the bead-spring chain
have not been taken into account in the derivation of
eq 5. Hydrodynamic interactions arise because of the
propensity of the solvent to propagate disturbances in
the velocity field caused by the motion of any particular
bead to all the other beads in the chain, leading to a
coupling of the motion of all the beads. While it is
essential to incorporate hydrodynamic interactions in
any molecular theory for the dynamic behavior of dilute
polymer solutions, they do not alter any of the equilib-
rium properties, since the equilibrium configurational
distribution function remains unchanged in the pres-
ence of hydrodynamic interactions. Advances made in
the treatment of hydrodynamic interactions, in the
context of polymer kinetic theory, have been reviewed
recently by Prakash.23 In this work, our primary focus
is on introducing a novel treatment of excluded volume
effects. Consequently, we have largely limited our
discussion to the prediction of equilibrium properties.
A universal ratio of linear viscoelastic properties has
also been discussed here primarily to illustrate the
advantages of using the present approach to treat
excluded volume effects away from equilibrium. It is
essential, however, to incorporate hydrodynamic inter-
actions into the present theory, before a comparison can
be made of the predicted value of the universal linear
viscoelastic ratio with experimental results.

The stochastic differential equation for the well-
known Rouse modelswhich was the first attempt to
describe the rheological behavior of dilute polymer
solutions in the context of bead-spring chainssis
identical in form to eq 5.17 The Rouse model, however,
neglects excluded volume interactions. Consequently,
the potential energy of the Rouse chain is determined
entirely by the potential energy of the Hookean springs,
and eq 4 therefore does not contain the second term on
the right-hand side. The failure of the Rouse model to
describe several of the observed features of polymer
solution behavior has been attributed to its neglect of
both excluded volume and hydrodynamic interactions.

On setting K ) 0, eq 5 describes the equilibrium
trajectories of the bead-connector vectors. The same
equation is consequently applicable both at equilibrium
and away from it. In addition to equilibrium properties,
as will be discussed in greater detail shortly, linear
viscoelastic properties can also be obtained by carrying
out equilibrium averages. As a result, all the properties
of interest here are determined with the K term set
equal to zero in eq 5.

〈Wν,j
/ (t*)〉 ) 0

〈Wν,j
/ (t*) Wµ,k(t*′)〉 ) min(t*,t*′)δjkδνµ (6)

Ajk ) ∑
ν)1

N

Bh jνBh kν ) {2 for |j - k| ) 0
-1 for |j - k| ) 1
0 otherwise

(7)

Qk* )
Qk

l
; t* ) t

λH
; φ* ) φ

kBT
; K* ) λHK (3)

φ )
1

2
H∑

i)1

N-1

Qi·Qi +
1

2
∑

ν,µ)1
ν*µ

N

E(rν - rµ) (4)

dQj
/ ) [κ*·Qj

/ -
1

4
∑
k)1

N-1

Ajk

∂φ*

∂Qk
/] dt* + x1

2
∑
ν-1

N

Bh jv dWν
/

(5)
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The equilibrium property that captures the influence
of excluded volume effects most directly is the swelling
of the radius of gyration, Rg. This quantity, as was
pointed out earlier, is defined for experimental purposes
as the ratio of the radius of gyration in a good solvent
to the radius of gyration in a θ-solvent. In the present
calculations, however, Rg is defined by

where Rg
R is the radius of gyration predicted by the

Rouse model24

It is important to highlight the distinction between the
experimental definition and the present definition of Rg
because the Rouse model does not provide an entirely
accurate description of the equilibrium properties of a
θ-solution. As pointed out, for instance, in the detailed
discussion by Schafer,6 aspects of θ-solution behavior
such as the corrections to random walk scaling due to
the local stiffness of the chain, and the presence of three-
body forces, are not taken into account in the Rouse
model. Since the proper treatment of these effects within
the context of the excluded volume problem is as yet a
technically unresolved issue,6 we have adopted the
definition usually adopted in most molecular theories.

One can similarly define the swelling of the end-to-
end vector R by

where 〈r2〉 is the mean-squared end-to-end vector in the
presence of excluded volume interactions, and 〈r2〉R is
the mean-square end-to-end vector of the Rouse model24

Henceforth, a superscript or subscript “R” on any
quantity will indicate a quantity defined or evaluated
in the Rouse model, and angular brackets denote an
average carried out with the equilibrium configurational
distribution function.

The size of the polymer chain, represented by both

Rg and x〈r2〉, increases monotonically with increasing
chain length. At equilibrium, for M . 1, both the
quantities are known to exhibit power law dependencies
on M, with identical exponents. The ratio

is consequently expected to become constant in the limit
of large molecular weight. In the Rouse model, it is
straightforward to see that UR rapidly approaches a
constant value of unit magnitude. It is of interest
therefore to examine its behavior in the presence of
excluded volume effects.

The linear viscoelastic properties considered here are
the polymer contribution to the zero shear rate viscosity
ηp,0 and the first normal stress difference coefficient Ψ1,0.

The second normal stress difference coefficient is identi-
cally zero since hydrodynamic interaction effects have
not been taken into account.24 Prakash21 has shown
earlier that, in the presence of excluded volume interac-
tions, exact analytical expressions in terms of equilib-
rium averages can be obtained for both ηp,0 and Ψ1,0 by
developing a retarded motion expansion for the polymer
contribution to the stress tensor. A detailed discussion
of the development of the retarded motion expansion is
given in ref 21. Here, we merely reproduce the final
results

where Qm
x , Qm

y , and Qm
z are the Cartesian components

of the bead connector vector Qm, np is the number
density of polymers, and Cmn is the Kramers matrix
(which is inverse to the Rouse matrix), defined by

In the absence of excluded volume effects, eqs 13
and 14 can be shown to lead to the well-known analyti-
cal expressions for the zero shear rate viscosity and
first normal stress difference coefficient in the Rouse
model,

It is straightforward to see that in the Rouse model
Ψ1,0

R scales as (ηp,0
R )2 for large N. Analogously, in the

presence of excluded volume effects, the ratio

is expected to become constant in the limit of large N.
Renormalization group theories have shown that this
is indeed true.15 Here, we are interested in examining
the behavior of UΨη as a function of the solvent quality
z, both at finite z and in the limit z f ∞.

Another important universal ratio that is frequently
measured experimentally is UηR, defined by17

where ηs is the solvent viscosity. In the presence of
excluded volume interactions (but not hydrodynamic
interactions), the following expression relating the zero
shear rate viscosity to the radius of gyration can be
derived:21

Rg
2 ) ( Rg

Rg
R)2

(8)

Rg
R ) lxN2 - 1

2N
(9)

R2 )
〈r2〉
〈r2〉R

(10)

〈r2〉R ) 3l2(N - 1) (11)

UR ) 6
Rg

2

〈r2〉
(12)

ηp,0 )
npú

6
∑

m,n)1

N-1

Cmn〈Qm·Qn〉 (13)

Ψ1,0 )
npú2

2kBT
∑

m,n)1

N-1

∑
p,q)1

N-1

CmnCpq〈Qm
x Qn

yQp
xQq

y〉 (14)

Cmn ) min(m, n) - mn
N

(15)

ηp,0
R ) npλHkBT N2 - 1

3
(16)

Ψ1,0
R ) 2npλH

2kBT[(N2 - 1)(2N2 + 7)
45 ] (17)

UΨη )
npkBTΨ1,0

ηp,0
2

(18)

UηR )
ηp,0

npηs(4π/3)Rg
3

ηp,0 )
npú
6

NRg
2 (19)
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It is clear from this expression that the ratio UηR is not
a universal ratio in the present model since it scales
with N as N1-ν. It becomes a universal ratio only when
hydrodynamic interaction effects are included in the
model since this alters the scaling of ηp,0 with N.
Consistent with the earlier discussion therefore, the
prediction of UηR and its comparison with experiment
require the extension of the present theory to include
hydrodynamic interaction effects.

Before outlining the procedure by which eq 5 may be
solved to obtain the exact values of the list of equilibrium
and linear viscoelastic properties defined above, it is
appropriate to discuss briefly the Gaussian approxima-
tion introduced earlier by Prakash.21 The Gaussian
approximation essentially consists of assuming that the
nonequilibrium configurational distribution function
remains Gaussian in the presence of excluded volume
effects. A detailed discussion of the motivation and
consequences of the Gaussian approximation may be
found in the earlier works of Prakash.21,22 In the present
context, it is appropriate to note that exact expressions
for the zero shear rate properties predicted by the
Gaussian approximation can be derived by developing
a codeformational memory integral expansion for the
polymer contribution to the stress tensor.21 Since the
equations are rather cumbersome, and not by them-
selves very illuminating, they are presented in Appendix
A for the sake of completeness. It suffices here to note
that in the context of the Gaussian approximation the
swelling of the end-to-end vector, and the zero shear rate
viscosity and first normal stress difference coefficient,
are given by eqs 31 and 32, respectively.

There are two reasons for discussing the Gaussian
approximation in this work. First, since the Gaussian
approximation was used earlier to predict universal
properties20,22 (motivated by its accurate prediction of
finite chain properties in a limited range of parameter
values), it is of interest to assess its accuracy in the
infinite chain limit. Second, we shall see later that
although the Gaussian approximation shares many of
the universal features of the exact solution, it has a
fundamental qualitative difference.

3. Simulation Strategies

The two basic goals of this work are to find the
universal equilibrium and linear viscoelastic properties
of a polymer solution in the excluded volume limit (z f
∞) and in the crossover region between the θ-solution
and excluded volume limits, i.e., for all z > 0.

Determining the universal properties in the excluded
volume limit is relatively straightforward, since for any
value of z*, z () z*xN) f ∞, as N f ∞. We expect
therefore that, when finite chain data, accumulated for
constant values of z* (which is equivalent to the tem-
perature T being constant), are extrapolated to the
infinite chain length limit, universal properties in the
excluded volume limit will be obtained, independent of
the particular choice of z*.

A different procedure, however, is required for de-
scribing the crossover behavior. To determine the
universal dependence of various properties on the
parameter z, the value of z is kept constant at several
predetermined magnitudes, and at each of these values,
simulations are carried out for increasing values of N.
The accumulated finite chain data, at each value of z,
are subsequently extrapolated to the limit N f ∞. The

dependence on z, of the asymptotic values obtained in
this manner, represents the universal crossover behav-
ior. It is important to note that since during the
extrapolation z has the same value at each value of N,
it implies that z* f 0 (or, equivalently, T f θ) as N f
∞. Clearly, therefore, this procedure leads to the predic-
tion of universal crossover behavior for systems that are
always close to the θ-temperature.

In both the schemes described above for obtaining
universal predictions, the particular choice of d* is
irrelevant, since as mentioned earlier, though the value
of d* significantly influences results for finite chains,
universal predictions are independent of the choice of
d*. Indeed, both these schemes have been used previ-
ously to obtain universal results in the Gaussian ap-
proximation.20,22 In the constant z* and the constant z
numerical calculations, the value of d* was held fixed
at some arbitrarily small magnitude, and in each case,
independence of the extrapolated results from the choice
of d* was clearly demonstrated.

The central aim of this work is to obtain exact
universal predictions with the help of Brownian dynam-
ics simulations rather than approximate predictions
with the Gaussian approximation. The key obstacle to
this goal has been the huge computational demand for
solving eq 5, at large values of N. There are several
reasons for the large computational requirement. The
main culprit is of course the fact that the CPU time per
time step scales with N as N3. This arises because, for
each value of the connector vector index j in eq 5,
evaluation of the term ∑k)1

N-1Ajk(∂φ*/∂Qk
/) requires an N2

operation. At present it seems difficult to change this
scaling behavior without introducing some severe ap-
proximation to the model. On the other hand, there are
other factors that contribute to the computational
demand that can be circumvented by adopting a proper
computational strategy. We discuss two such strategies
that have been used in this work below.

The time step used to carry out the numerical
integration is obviously an important factor determining
the overall CPU time for the simulation. It has been
found that, for comparable statistical error, a steeper
narrow Gaussian potential necessitates a smaller time
step. This has also been reported earlier in the case of
the Lennard-Jones potential.25-27 From the expression
for φ in eq 4, it is straightforward to see that the narrow
Gaussian potential appears in the drift term in eq 5
through the term ∂E*(rµν

/ )/∂Qk
/. Using the expression

for the narrow Gaussian potential in eq 2, one can show
that

where the N × (N - 1) matrix Bνk is defined by Bνk )
(k/N) - Θ(k - ν), with Θ(k - ν) denoting a Heaviside
step function. The magnitude of this quantity has an
extremum at |rνµ

/ | ) d*, which becomes larger as z*
increases or d* becomes small, leading to the require-
ment of a smaller time step. It is possible, however, to
develop a strategy to overcome this problem because we
are only interested in the properties of the solution as
N f ∞.

As pointed out above, all numerical calculations in
the Gaussian approximation were carried out at various
small fixed values of d*. This is because CPU time

∂E*(rµν
/ )

∂Qk
/

) z*
d*5

exp[-
rνµ
/ 2

2d*2](Bµk - Bνk) rνµ
/ (20)
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constraints are not so severe in that case. Consider,
however, choosing the value of d* such that

where k is an arbitrary constant. This choice makes the
magnitude of ∂E*(rµν

/ )/∂Qk
/ a weak function of z*. As a

result, the step size requirement becomes largely de-
coupled from the choice of d* and z*.

The various schemes discussed above are illustrated
in Figure 1. Cases a and c correspond to procedures
adopted previously in the Gaussian approximation. In
scheme a, the open circles on a horizontal line cor-
respond to calculations being performed at various
values of N, while maintaining the values of z* and d*
constant at some arbitrary values. Extrapolation of the
finite chain data to the limit N f ∞ leads to predictions
in the excluded volume limit (denoted by the filled
circles). These predictions are independent of the par-
ticular values chosen for d* and z*. The x-coordinate in
Figure 1a,b is chosen to be 1/N merely to display the
long chain limit. In scheme c, the open circles on a
vertical line correspond to calculations performed at
various values of N, with the parameters d* and z kept
constant. As mentioned earlier, since z is held constant,
the asymptotic values obtained in the N f ∞ limit
correspond to z* f 0. Consequently, the arrows are in
the direction of increasing N, and the filled circles,
representing the asymptotic values, are displayed on the
x-axis. Note that if z1 ) z2, the asymptotic predictions
are identical for both d1

/ and d2
/.

Schemes b and d have been adopted while carrying
out the Brownian dynamics simulations employed in
this work. They correspond to using the expression 21
to find d* for a given value of z*, and as discussed above,
this enables the use of relatively larger time steps. Case
b is essentially identical to case a since the constants
k1 and k2 are arbitrary. In case d, where constant z runs
are performed to obtain the crossover behavior, using
eq 21 implies that the N f ∞ limit is reached along

special trajectories in the (z*, d*) parameter space (as
displayed schematically in Figure 1d). As in case c, the
asymptotic limit corresponds to z* f 0. However, in this
case it also corresponds to d* f 0. While asymptotic
results are independent of the choice of d* in scheme c,
we shall show here that asymptotic results become
independent of the value chosen for the constant k,
when scheme d is adopted. Basically, the universal
crossover behavior is independent of the trajectory in
the (z*, d*) parameter space used to reach the long chain
limit.

Another reason for the large computational demand
arises from the need to keep the statistical errors in the
finite chain data as small as possible in order to be able
to obtain an accurate extrapolation of the data to the
infinite chain length limit. If X(Q1,Q2, ..., QN-1) is an
arbitrary configuration-dependent quantity, with mean
value 〈X〉 ) F and with variance (〈X2〉 - 〈X〉2) ) σ2, and
if it is desired to find F by Brownian dynamics simula-
tions, then the standard procedure is to obtain NT
trajectories, or realizations, of X, and to carry out an
ensemble average over these trajectories. The statistical
error in the mean value is then given by σ/xNT.
Clearly, this error can be kept small by either keeping
σ small or by using a large number of trajectories. The
latter option is computationally expensive since reduc-
ing the error by an order of magnitude requires an
increase in the number of trajectories by 2 orders of
magnitude. On the other hand, a number of methods
have been suggested for decreasing the variance σ,
without simultaneously increasing the computational
time significantly.17

In this work we have implemented a variance reduc-
tion procedure based on the method of control variates.17

The first step in this scheme is to find a control random
variable Xc(Q1,Q2, ..., QN-1), whose mean value Fc is
known exactly. Furthermore, the stochastic noise in Xc
must be similar in magnitude to the noise in the
variable of interest, namely, X. A new random variable
(X - Xc) is then defined, and NT realizations of this
variable are obtained by carrying out appropriate
simulations. The mean value of interest can still be
determined from these new simulations since

Clearly, this estimate of the mean value has a statistical
error xvar(X - Xc)/NT, which is reduced relative to
σ/xNT, provided X and Xc are correlated. The key step
is therefore the choice of the control variable Xc.

For the estimation of nonequilibrium viscoelastic
properties at low shear rates, Wagner and Öttinger28

suggested defining the control variable as the viscoelas-
tic property calculated from a parallel equilibrium
simulation, using the same starting configuration and
same sequence of random numbers. In this case, Fc )
0, and as long as the nonequilibrium viscoelastic prop-
erty and the viscoelastic property obtained from the
parallel equilibrium simulation remain correlated, the
reduction in variance is significant.

In this work, where all the properties of interest are
obtained from an equilibrium simulation in the first
place, the Wagner and Öttinger procedure cannot be
used. Instead, we have defined the control variable Xc
as the value of the quantity X obtained from the Rouse
model, i.e., XR. The mean value FR is known analytically
for all the properties of interest in this work. As pointed

Figure 1. Illustration of the different simulation schemes
used to obtain universal predictions. (a) and (b) correspond to
runs at constant values of z* and lead to universal predictions
in the excluded volume limit; (c) and (d) correspond to runs at
constant values of z and lead to universal crossover behavior
predictions. Schemes (a) and (c) were used to obtain results
in the Gaussian approximation, while (b) and (d) were adopted
for Brownian dynamics simulations.

d* ) k(z*)1/5 (21)

F ) 〈X - Xc〉 + Fc
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out earlier, the only difference in the stochastic dif-
ferential equation that governs the Rouse model from
the stochastic differential equation, eq 5, that governs
the present model, is that the term ∂E*(rµν

/ )/∂Qk
/ is

missing in the drift term of the Rouse model.
The variance reduced simulation then consists of the

following procedure. Both eq 5 and the Rouse stochastic
differential equation are numerically integrated simul-
taneously, with the same starting configuration and
same sequence of random numbers. For all the proper-
ties of interest X, NT realizations of (X - XR) are then
obtained. This does not increase the computational time
significantly since the parallel Rouse simulation uses
the same random numbers already generated for the
main equilibrium simulation. The mean value 〈X〉 is
then given by 〈X〉 ) 〈X - XR〉 + FR, and the statistical
error in this value is xvar(X - XR)/NT. For instance,
the swelling of the end-to-end vector is obtained from

The use of this procedure has led to a significant
reduction in the variance of all propertiesstypically by
a factor of 3-5. This implies that a property calculated
in the presence of excluded volume interactions and in
the Rouse model have similar fluctuations about their
mean values. As will be seen shortly, the reduction in
variance that has been achieved has enabled an ac-
curate extrapolation of finite chain data, even for fairly
small chains.

Before presenting the main results of this work, we
conclude this section with a few details of the simula-
tions that were used to obtain them. Essentially, a
second-order predictor-corrector algorithm originally
proposed by Iniesta and Garcia de la Torre29 was used
to integrate eq 5. While the Iniesta and Garcia de la
Torre algorithm also accounts for the presence of
hydrodynamic interactions, the present algorithm is
restricted to a treatment of excluded volume interac-
tions alone. Explicit details of the algorithm, in the
notation and context of the present work, can be found
in ref 22. In a typical simulation, 105 trajectories were
generated with a Gaussian initial distribution, and the
integration was continued until a stationary state was
attained (usually after a time equal to roughly 1.5 times
the longest nondimensional Rouse relaxation time).
Parallelization of the simulation was achieved by dis-
tributing the trajectories across the processors using
message passing interface (MPI) clusters. This led to
the wall time scaling with the number of processors
used, and consequently, the present algorithm could be
considered to belong to the class of embarrassingly
parallel algorithms. A time-step extrapolation procedure
enabled the simulations to be carried out at relatively
large time steps. Typically, three different time steps
∆t* ) 1.0, 0.6, and 0.5 were used, and the results were
then extrapolated to zero time step using the subroutine
TEXTRA developed by Öttinger.17 These time steps
were found to be adequate to obtain a reliable zero time-
step extrapolation.

4. Universal Properties
Universal properties in the crossover region and in

the excluded volume limit, obtained by using the dif-
ferent schemes described in Figure 1, are discussed in
turn below. Before doing so, however, it is appropriate

to list all the equations used to obtain them. Exact
values of the swelling R2, the zero shear rate viscosity
ηp,0, and the zero shear rate first normal stress differ-
ence Ψ1,0 are calculated using eqs 10, 13, and 14,
respectively, with the equilibrium averages on the right-
hand sides evaluated with the help of Brownian dynam-
ics simulations. On the other hand, approximate values
of R2, ηp,0, and Ψ1,0 are obtained with the help of the
Gaussian approximation, using eqs 31 and 32. Since the
radius of gyration is related to the zero shear rate
viscosity through eq 19, the swelling Rg, defined by eq
8, can also be calculated simultaneously. Once these
quantities are known, the universal ratios, UR and UΨη,
can be evaluated using eqs 12 and 18.

4.1. Crossover Behavior. As pointed out earlier, the
procedure used here to obtain the universal crossover
behavior leads to the descriptions of systems infinitesi-
mally close to the θ-temperature. As a result, the
crossover predictions of the present model are identical
to the predictions of the continuum Edwards model.6
In this context, it is worthwhile to note that rather than
using the parameter z* (or equivalently, v) as a measure
of the strength of excluded volume interactions, pertur-
bative treatments of the Edwards model tend instead
to use the cluster integral

We show in Appendix B that the two measures of
excluded volume strength are identical in the continuum
Edwards model but that it is more appropriate to use
z* in general Brownian dynamics simulations.

The independence of the predicted crossover behavior,
from the trajectory in the (z*, d*) parameter space used
to obtain it, is demonstrated graphically in Figure 2 for
the swelling Rg

2. The parameter z is held constant at z
) 1, while simulations are carried out for increasing
values of N, up to N ) 36. In each simulation, z* ) z/
xN, while d* is found from eq 21. Three sets of data,
obtained for k ) 1, 1.5, and 3, are plotted against 1/xN
in Figure 2. The choice of 1/xN for the x-axis was
motivated by two results obtained previously:20 (i) the
leading order corrections to the infinite chain length
limit, of various material properties, is of order 1/xN,
and (ii) the parameter d* always appears in the theory
as d*/xN. The convergence of all three curves in
Figure 2, to a unique asymptotic limit, clearly demon-
strates that in the limit N f ∞ all material properties
depend only on the variable z. Interestingly, for small
values of k, the dependence of Rg

2 on 1/xN is almost

R2 ) 1
3N - 1

〈(r*2 - rR
/ 2)〉 + 1

Figure 2. Square of the swelling of the radius of gyration, Rg
2

(see eq 8 for the definition), vs 1/xN, at z ) 1, for three vales
of k. The symbols, with error bars, represent the simulation
results, while the lines are least-squares curve fits to the data.

â ) ∫drνµ [exp(-
E(rνµ)
kBT ) - 1] (22)
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linear, making the extrapolation more accurate. The
values of Rg

2, obtained by carrying out this extrapola-
tion procedure at various constant values of z, are
displayed as the filled circles in Figure 3.

The experimental data of Miyaki and Fujita,8 which
are considered to be highly accurate measurements of
the swelling of polystyrene in cyclohexane and benzene,
obtained at various solvent temperatures and polymer
molecular weights, can be plotted along with the theo-
retical data in Figure 3, by adopting the following
procedure: (i) Several experimentally measured values
of swelling, say Rg

†, are chosen, and the temperatures
and molecular weights at which these values of swelling
were observed (say T† and M†) are noted. (ii) The values
of z that correspond to these values of Rg

† are then
found from the theoretical simulation curve displayed
in Figure 3. (iii) The parameter τ, defined by the

expression τ ) z/xM†, is then calculated for each pair
of values (Rg

†, z). (iv) The various values of τ obtained in
this manner are plotted vs τ̂(T†) (recall that τ̂(T) ) 1 -
(θ/T)). The result of following this procedure for poly-
styrene in cyclohexane is shown in Figure 4, where the
θ-temperature for this system, θ ) 307.7 K, has been
used. The nearly perfect linear dependence of τ on τ̂(T)
indicates that the value of z that corresponds to any
particular experimental pair (T, M) can be found from

where τ0 is the slope of the τ vs τ̂(T) line. Thus, as has
been observed previously, a single material constant is

sufficient to bring the entire set of experimental data
onto a universal Rg

2 vs z curve. The remarkable agree-
ment of the predicted equilibrium swelling with experi-
mental data, similar to that found earlier by RG theory,6
has been obtained here by using bead-spring chains
with a maximum of just 36 beads.

An expression commonly used to parametrize the
results of RG calculations6

can be used to curve fit the values of Rg
2 obtained by

Brownian dynamics simulations, displayed in Figure 3.
Clearly, for z , 1, f (z) ) 1 + amz. Perturbative
treatments of the excluded volume problem have shown
several years ago that, correct to first order in z, Rg

2 ) 1
+ 1.276z.19 Consequently, the values of the constants
a, b, c, and m have been obtained here with the
constraint that am ) 1.276. The curve fit agrees closely
with the simulation data, with the maximum difference
between the data and the fit being less than 0.6%.

For z . 1, eq 23 implies that Rg
2 ∼ z3m. Since Rg ∼ Nν,

Rg
R ∼ N0.5, and z ∼ N0.5, it follows that the exponent ν

and the curve fit parameter m are related by the
expression

The values of the curve fit parameters, and the value
of ν obtained from eq 24, are given in first column (top
half) of Table 1. As mentioned earlier, experimentally
determined values of ν lie in the range ν ) 0.592 (
0.003.7 The value ν ) 0.588 has been obtained by
applying RG methods and is considered to be the most
accurate estimate to date.6 The present prediction of ν
) 0.6004 ( 0.0005 is consequently about 2% greater
than the value predicted by RG theory.

In Figure 5a, the crossover behavior of the swelling
of the end-to-end vector R2, predicted by Brownian
dynamics simulations, is compared with the previously
obtained crossover behavior predicted by the Gaussian
approximation.20 A similar comparison of the crossover
behavior of the first normal stress difference coefficient
ratio, Ψ1,0/Ψ1,0

R , is displayed in Figure 5b. The circles
represent Brownian dynamics simulations results, while
the squares represent predictions by the Gaussian
approximation. The Gaussian approximation was shown
previously by Prakash21 to be exact to first order in z.
It is not surprising therefore that the Gaussian ap-
proximation agrees with Brownian dynamics simula-

Figure 3. Asymptotic swelling of the radius of gyration vs
the solvent quality. The filled circles are the predictions of
Brownian dynamics simulations (BDS). Experimental data for
polystyrene in the two solvents are from Miyaki and Fujita.8

The dashed line represents a curve fit of the Rg
2 simulation

data, using an equation of the form given in eq 23. The curve
fit parameters are given in Table 1.

Figure 4. Dependence of τ ) z/xM on the quantity τ̂(T) )
1 - (θ/T) for polystyrene in cyclohexane, where z is the
theoretical solvent quality corresponding to the experimentally
observed swelling at (T, M). Data are that of Miyaki and
Fujita.8

z ) τ0τ̂(T)xM

Table 1. Coefficients in the Curve Fitting Function,
Eq 23, Used To Fit the Data for r2, rg

2, and Ψ1,0/Ψ1,0
R ,

Obtained by Both Brownian Dynamics Simulations
and the Gaussian Approximationa

Rg
2 R2 Ψ1,0/Ψ1,0

R

Brownian Dynamics Simulation
b 19.48 ( 1.28 14.24 ( 2.87 14.46 ( 0.57
c 14.92 ( 0.93 32.08 ( 2.27 15.73 ( 1.12
m 0.133913 ( 0.0006 0.134289 ( 0.0006 0.2536 ( 0.0015
ν 0.6004 ( 0.00045 0.6007 ( 0.00045 0.5951 ( 0.0011

Gaussian Approximation Method
b 10.30 ( 0.072 11.29 ( 0.26 8.63 ( 0.13
c 3.56 ( 0.056 4.18 ( 0.19 1.82 ( 0.12
m 0.213172 ( 0.00027 0.2164 ( 0.0008 0.4278 ( 0.002
ν 0.659879 ( 0.0002 0.6623 ( 0.0006 0.6604 ( 0.0007

a The scaling exponent ν is determined from the parameter m.

f (z) ) (1 + az + bz2 + cz3)m (23)

ν ) 1
2

+ 3
4
m (24)
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tions for z , 1. However, there is an increasing
deviation between the two as z increases, indicating the
non-Gaussian character of the distribution function in
the presence of excluded volume effects.

Interestingly, the Brownian dynamics simulations
data for both R2 and Ψ1,0/Ψ1,0

R can be curve fitted with
functions of the form given in eq 23. In ref 20, the
crossover predictions of the Gaussian approximation for
Rg

2, R2, and Ψ1,0/Ψ1,0
R were curve-fitted by an expression

similar to that in eq 23, but without the cubic term in
z. Here, the data have been refitted with the cubic
term included, for consistency with the curve fit used
for the Brownian dynamics simulations results. The fact
that both Brownian dynamics simulations and the
Gaussian approximation must agree with first-order
perturbation results imposes a constraint on the product
am in these functions. In the case of R2, the first-order
perturbation result, R2 ) 1 + 4/3z, is well-known,19 while
Prakash21 has shown earlier that, correct to first order,
Ψ1,0/Ψ1,0

R ) 1 + 2.41z. The various curve fit parameter
values used to fit the Brownian dynamics simulations
and Gaussian approximation results are tabulated in
Table 1. Since R2 has the same scaling with molecular
weight as Rg

2, the relation between the parameter m
and exponent ν given in eq 24 is also valid for R2.
Making use of the fact that ηp,0/ηp,0

R ) Rg
2 and that

Ψ1,0 ∼ (ηp,0)2, one can show that the value of m for
Ψ1,0/Ψ1,0

R must be twice that for Rg
2. This expectation

appears to be approximately satisfied by the values
displayed in Table 1. Note that the exponent ν predicted
by the Gaussian approximation is nearly 10% greater
that the result obtained by exact Brownian dynamics
simulations.

Although the scaling of Rg with chain length N obeys
a power law only in the limit of long chains, one can

make the ansatz that, at all values of chain length, Rg
∼ Nνeff, with νeff representing an effective exponent that
approaches its critical value as N f ∞. It is straight-
forward then to show that

The curve fitting function for Rg
2 can consequently be

suitably differentiated to obtain the z dependence of the
effective exponent νeff. In an entirely analogous manner,
one can make an ansatz regarding the scaling behavior
of both R2 and Ψ1,0/Ψ1,0

R with N. The dependence of νeff
on z in each of these cases, for the exact results of
Brownian dynamics simulations, is illustrated in Figure
6. While R2 appears to approach the asymptotic scaling
more rapidly than either Rg

2 or Ψ1,0/Ψ1,0
R , they all begin

at the Rouse value, νeff ) 0.5, for z ) 0, and approach
νeff ) 0.6, as z f ∞. It is worthwhile to note that νeff
comes within 2% of its asymptotic value when z is in
the range 5 e z e 10. However, the final convergence
occurs slowly. This has also been observed earlier in the
case of RG theory predictions.6

The symbols in Figure 7a,b compare the crossover
behavior of the two universal ratios UR and UΨη
predicted by Brownian dynamics simulations (filled
circles) and the Gaussian approximation (filled squares).
In the Rouse model, UR ) 1 and UΨη ) 0.8. It is clear
from the figures that both the ratios begin at their
respective Rouse values at z ) 0 and decrease as z
increases, approaching an asymptotic value for z f ∞.

It has not been possible to obtain values of UR and
UΨη at even larger values of z because of the large
computational demands of both Brownian dynamics
simulations and the Gaussian approximation. For in-
stance, to obtain an accurate extrapolation of finite
chain data obtained by Brownian dynamics simulations,
for values of z > 50, it is necessary to accumulate data
for values of chain length much greater than N ) 40. It
is possible, however, to directly obtain the values of UR
and UΨη in the excluded volume limit, z f ∞, as
discussed below.

4.2. The Excluded Volume Limit. Using scheme
a or b described earlier in the context of Figure 1,
predictions in the excluded volume limit can be ob-
tained, both in the case of Brownian dynamics simula-
tions and for the Gaussian approximation. In Figure
8a,b, we discuss the results of following scheme b
to obtain the universal ratios UR and UΨη predicted
by Brownian dynamics simulations. Three values of
z* were chosen, and d* was determined from eq 21
with k ) 1. Extrapolation of the finite chain data was

Figure 5. Comparison of the crossover behavior predicted by
Brownian dynamics simulations with the predictions of the
Gaussian approximation, reproduced from Prakash.20 (a)
Asymptotic swelling of the end-to-end vector and (b) asymp-
totic ratio of the zero shear rate first normal stress difference
coefficient in the present model to that in the Rouse model.
The open circles are Brownian dynamics simulation data,
while the open squares are predictions of the Gaussian
approximation. The dashed line is a curve fit using an equation
of the form given in eq 23. Curve fit parameters are given in
Table 1.

Figure 6. Effective exponent νeff obtained from the uni-
versal crossover behavior of Rg

2, R2, and Ψ1,0/Ψ1,0
R , predicted by

Brownian dynamics simulations.

νeff(z) ) 1
2

+ 1
4

∂ ln Rg
2

∂ ln z
(25)
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carried out by assuming that the dependence of UR and
UΨη on N can be written as an expansion in powers of
(1/xN)

As N f ∞, the parameter A, which represents the
infinite chain length limit, is expected to become inde-
pendent of z*. This is clearly demonstrated by the
extrapolation curves for UR and UΨη and by the asymp-
totic values for each value of z*, reported in Table 2 (i.e.,
values of A, at different values of z*, found by the
extrapolation procedure). It was found necessary to
include terms up to order (1/N2) in eq 26 in order to fit
the data at small values of N. The data for UΨη have
two distinctive features relative to that for UR: (i) it is
more scattered, and (ii) the values for different z* appear
closer to each other. The first of these features is
because of the relatively larger variance associated with
Ψ1,0, while the second suggests that the coefficients B,
C, etc., in the expansion (eq 26) for UΨη are weaker
functions of z*. The excluded volume limit value UR )
0.958 ( 0.005, predicted by the present Brownian
dynamics simulations, is very close to the value UR )
0.959 reported earlier by both RG theory and Monte
Carlo simulations.6 On the other hand, the value
UΨη ) 0.771 ( 0.009, predicted by the simulations, is
significantly different from the value UΨη ) 0.6288
obtained earlier by RG theory based on refining a first-
order perturbation expansion.15 It is of interest to see
whether a RG calculation based on a higher order
perturbation theory would lead to better agreement with
the present prediction. A possible alternative reason for
this discrepancy is discussed later on.

The extrapolation scheme, described earlier in Figure
1a, has been used previously by Prakash22 to obtain the
Gaussian approximation’s excluded volume limit predic-
tions of the steady state viscosity and the first normal
stress difference, at various finite values of the shear
rate. On the other hand, though scheme c was used
previously in ref 20 to obtain the Gaussian approxima-
tion’s universal crossover behavior predictions of UR and
UΨη, their values in the excluded volume limit were not
obtained. To complete the comparison with Brownian
dynamics simulations, the excluded volume limit values
have been obtained here by applying scheme b to finite
chain data generated by the Gaussian approximation.
The values in Table 2 indicate that in the Gaussian
approximation, as in the case of exact Brownian dynam-
ics simulations, the excluded volume limit is indepen-
dent of the particular choice of z*. A comparison of the
values predicted by the Gaussian approximation with
the simulations results indicates the significant differ-

ence in the approximation’s predictions from the exact
values.

The data in Table 2 have been plotted as the various
horizontal lines in Figure 7a,b along with the predic-
tions of RG theories. It is immediately obvious that the
crossover curves predicted by Brownian dynamics simu-
lations do not tend to the asymptotic value predicted in
the excluded volume limit. On the other hand, the
crossover curves predicted by the Gaussian approxima-
tion do approach the predicted excluded volume limit
value. Before we can discuss this intriguing behavior,
and speculate as to its possible origin, we need to
establish a number of results below.

Although the excluded volume limit is independent
of z*, there exists a special fixed point value, z* ) zf

/, at
which the finite chain data converges more rapidly to
the excluded volume limit. This can be understood by
considering eq 26. As mentioned earlier, while the
parameter A is independent of z*, the parameters B, C,
etc., are functions of z*. If B ) 0 at some value of z*,
then the leading order correction changes from being
of order (1/xN) to (1/N), resulting in a more rapid
approach to the long chain limit. While it is difficult to
obtain the dependence of the leading order term on z*
analytically, we have attempted to determine it numeri-
cally from the predictions of Brownian dynamics simu-
lations for the variables Rg and Ψ1, 0. Following Li et
al.,12 we can write

Simulation data for Rg and Ψ1, 0 as a function of N,
obtained with d* ) 1, for various values of z*, have been
fitted with the expressions in eq 27, keeping the
exponent ν fixed at the value ν ) 0.6. The dependence
of Bg and BΨ on z*, obtained in this manner, is displayed
in Figure 9. The symbols denote the values of z* at
which the simulations were carried out. Both Bg and
BΨ exhibit nearly linear behavior (with BΨ appearing
to have a weaker dependence on z*), crossing zero at a
value of z* in the range 0.26 e z* e 0.29. We shall see
shortly that an alternative procedure can be used to find
the fixed point, which also leads to a similar estimate
of zf

/. Prakash22 has shown recently that the Gaussian
approximation has a fixed point value zf

/ = 0.35. As is
evident from Table 2, the choice of values of z* for the
purpose of finding the universal ratios in the excluded
volume limit has been motivated by the expectation that
convergence occurs more rapidly in the vicinity of the
fixed point. Indeed, the change in the sign of Bg, close
to the fixed point, is clearly reflected in Figure 8a, where
the asymptotic value of UR is approached from above
for z* ) 0.24, while it is approached from below for
z* ) 0.35.

The basic premise of renormalization group theories
is that the macroscopic properties of a polymer chain,
in the excluded volume limit, should be independent of
values chosen for model parameters at the level of the
microstructure, such as the local length scale l (which
is related to the mean size of a single connector vector
in the bead-spring chain), the strength of excluded
volume interaction between the beads, z*, and the
number of beads N. By repeatedly mapping the local

Table 2. Asymptotic Values of UR and UΨη Predicted in
the Excluded Volume Limit by Brownian Dynamics
Simulations and the Gaussian Approximation for

Different Values of z*

z* UR UΨη

Brownian Dynamics Simulation
0.24 0.9576 ( 0.0054 0.7705 ( 0.0093
0.28 0.9579 ( 0.0018 0.7699 ( 0.0027
0.35 0.9563 ( 0.0038 0.7700 ( 0.0031

Gaussian Approximation
0.30 0.9299 ( 0.00033 0.6064 ( 0.00012
0.35 0.9300 ( 0.00010 0.6069 ( 0.00008
0.40 0.9316 ( 0.00013 0.6059 ( 0.00035

f (N) ) A + B
xN

+ C
N

+ D

NxN
+ E

N2
+ ... (26)

Rg
2 ) N2ν(Ag + 1

xN
Bg)

Ψ1,0 ) N4ν+2(AΨ + 1
xN

BΨ) (27)
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length scale l to larger and larger values, and N to
smaller and smaller numbers of beads, while simulta-
neously maintaining macroscopic variable values un-
changed, renormalization group theories show that the
excluded volume parameter approaches a finite limiting
value, termed the fixed point. As a result, at this fixed
point, the properties of an infinitely long chain are
shown to be captured by a model chain with a relatively
small finite number of beads.6 These arguments suggest
that the existence of the fixed point is fundamentally
linked to the existence of the excluded volume limit

(where the properties of the polymer solution become
scale invariant and power law behavior is observed) and
that an analogy between the present definition of the
fixed point and the fixed point of RG theory can
reasonably be drawn.

The fixed point of RG theory has also been shown by
Schafer and co-workers6,13 to be the value of z* at which
the solution to the excluded volume problem separates
into two distinct branches. This is exemplified, for
instance, by the behavior of the effective exponent νeff
introduced earlier. Using both renormalization group
methods and Monte Carlo simulations, Schafer and co-
workers have shown that νeff approaches its critical
value in the excluded volume limit, ν ) 0.588, on two
distinct branches depending on whether z* < zf

/ (the
weak-coupling branch) or z* > zf

/ (the strong-coupling
branch). While the existence of a dual branched struc-
ture has only recently been elucidated, the various
curves in Figure 10, for νeff as a function of z, show that
Brownian dynamics simulations readily reveal the
presence of this structure. The curves in Figure 10 have
been obtained in the following manner: (i) Rg

2 vs z data,
for z* < zf

/, were curve fitted with with Rg
2 ) (1 + az +

bz2)2ν-1; (ii) data for z* > zf
/ were curve fitted with Rg

2 )
az4ν-2[1 - bz- |m|(1 + c z- |1+m|)]; and (iii) eq 25 was used
to find νeff as a function of z. In both the curve-fitting
expressions used for parametrizing the data (whose
forms have been suggested earlier by Grassberger et
al.13), the value of ν was set equal to 0.6.

Figure 7. Crossover behavior of the universal ratios (a) UR
and (b) UΨη. The filled circles are the predictions of Brownian
dynamics simulations, while the filled squares are the results
of the Gaussian approximation, reproduced from Prakash.20

The various horizontal lines represent predictions in the
excluded volume limit. The solid lines are predictions of RG
theory,6,15 the dashed lines are predictions of the Gaussian
approximation, and the dot-dashed line represents the exact
Brownian dynamics simulations prediction of UΨη. In the case
of UR, the predictions of RG theory and simulations cannot be
distinguished within the resolution of the figure.

Figure 8. Universal ratios (a) UR and (b) UΨη vs 1/xN, at
three different values of z*. The curves are fits through the
data using the functional form given in eq 26.

Figure 9. Coefficients Bg and BΨ, in the leading order
correction term to the infinite chain length limit, for Rg

2 and
Ψ1,0, respectively (see eq 27 for the definition), vs the strength
of excluded volume interaction z*, at d* ) 1. Symbols denote
the results of Brownian dynamics simulations, while the lines
through the data are drawn to guide the eye.

Figure 10. Exponent νeff in the expression Rg ∼ Nνeff as a
function of z. Symbols indicate the various values of N at which
Brownian dynamics simulations have been carried out to
obtain the z dependence of Rg

2. Values of νeff for z* > zf
/

(corresponding to the strong-coupling branch) and z* < zf
/

(corresponding to the weak-coupling branch) have been ob-
tained by using the appropriate curve fitting expressions for
the simulation data and eq 25.
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The distinctive dual branched structure of the solu-
tion can be exploited to develop a unique scheme by
which both the fixed point and the critical exponent can
be found. On the weak-coupling branch (strong-coupling
branch), νeff first increases (decreases) rapidly before
approaching the asymptotic value very gradually. We
consequently expect a plot of νeff vs z*, for constant
values of d* and z, to show a point of inflection at the
fixed point. This is clearly seen in Figure 11, which
describes the change in νeff as a function of z*, for a
range of values of z* spanning the fixed point. To
determine the displayed curve, eq 25 was used to find
νeff by numerically differentiating ln Rg

2 vs ln z data at
z ) 1.58 (the data were obtained by carrying out
simulations in the vicinity of z ) 1.58, for various
constant values of z*, keeping d* ) 1). The figure
suggests that the fixed point lies in the range 0.28 e

zf
/ e 0.3 and that the value of νeff in this range is 0.6004

( 0.0002. This is expected to be close to the critical
value, since asymptotic behavior is attained at relatively
small values of N as z* f zf

/.
It is of interest to examine whether the effective

exponent predicted by the Gaussian approximation also
exhibits a point of inflection at the fixed point. The curve
displayed in Figure 12 was obtained by following the
procedure outlined above for Brownian dynamics simu-
lations results. Recall that the fixed point for the
Gaussian approximation is zf

/ = 0.35. Clearly, the
curve does not have a point of inflection at 0.35. As can
be seen from the values listed in Table 1, the exponent
ν predicted by the Gaussian approximation is ap-
proximately equal to 0.66. Thus, at least for the value
of z that was examined here, νeff always appears to lie
below its critical value, suggesting that only the weak-
coupling branch exists in the Gaussian approximation
and that the dual branched structure of the exact
solution is not captured. There is therefore a qualitative
difference in the nature of the solution obtained by
making the Gaussian approximation.

Having obtained the various results discussed so far
in the present section, we return now to speculate on
the possible origin of the intriguing results displayed
earlier in Figure 7a,b, namely, the fact the crossover
curves predicted by Brownian dynamics simulations do
not asymptotically approach the values predicted in the
excluded volume limit. As was pointed out earlier, the
various crossover curves displayed in Figures 7 cor-
respond to systems infinitesimally close to the θ-tem-
perature. In the framework of the dual branched
structure to the solution, the crossover curves might be
considered to belong to a very special case of the weak-
coupling branch, namely, to the case of z* f 0. On the
other hand, the horizontal lines have all been obtained
in the excluded volume limit, which is in a sense the
ultimate reflection of the presence of excluded volume
effects. It is perhaps the qualitatively different character
of the two situations that is responsible for the fact that
the crossover curves predicted by Brownian dynamics
simulations do not tend in the limit of large z to the
universal prediction obtained in the excluded volume
limit. There is of course the unlikely possibility that the
crossover curves have some structure beyond the largest
value of z, namely z ) 50, examined here. Interestingly,
in the case of the Gaussian approximation, where the
dual branched structure seems to be missing, the
crossover curves do appear to asymptotically approach
the results obtained in the excluded volume limit. It is
also worthwhile to note that the crossover curve for UΨη,
predicted by Brownian dynamics simulations, appears
to asymptotically approach the excluded volume limit
value predicted by RG theory.15 This suggests that
perhaps the renormalization procedure pursued in ref
15 leads to universal predictions on the weak-coupling
branch. It would also explain the large discrepancy
between the excluded volume limit value of UΨη pre-
dicted by the present Brownian dynamics simulations
and RG theory.

5. Conclusions

A novel procedure, applicable both at equilibrium and
away from it, has been introduced in this work, by which
universal crossover scaling functions and asymptotic
behavior in the excluded volume limit can be obtained
for a δ-function excluded volume potential. The useful-
ness of the procedure has been demonstrated by pre-
senting results for equilibrium and linear viscoelastic
properties.

The dependence of the swelling of the radius of
gyration on solvent quality, predicted by adopting the
present approach (Figure 3), has been shown to be in
excellent agreement with the experimental observations
of Miyaki and Fujita.8

Asymptotic values of the universal ratios UR (eq 12)
and UΨη (eq 18) have been obtained in the excluded
volume limit. The predicted value, UR ) 0.958 ( 0.005,
is in excellent agreement with UR ) 0.959, predicted
earlier by both RG theories and Monte Carlo simu-
lations.6 On the other hand, the predicted value
UΨη ) 0.771 ( 0.009 is significantly different from
the prediction UΨη ) 0.6288 obtained earlier by a RG
calculation based on refining a first-order perturbation
expansion.15

Brownian dynamics simulations are shown to capture
the dual branched structure of the solution, elucidated
recently by Scäfer and co-workers6,13 (Figure 10). This

Figure 11. Effective exponent νeff as a function of the strength
of excluded volume interactions z*, predicted by Brownian
dynamics simulations.

Figure 12. Effective exponent νeff as a function of the strength
of excluded volume interactions z*, predicted by the Gaussian
approximation.
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distinctive structure has been exploited here to obtain
an estimate of both the fixed point of the strength of
excluded volume interactions and the critical exponent
ν (Figure 11). It is an exciting prospect to see whether
this dual branched structure persists into the nonequi-
librium regimesan issue that is easily examinable
within the framework introduced in this work.

The accuracy of the universal predictions of the
Gaussian approximation20,21 has been assessed by com-
parison with exact Brownian dynamics simulations
(Figures 5, 7 and Tables 1, 2). The Gaussian ap-
proximation has been shown to be qualitatively different
from the exact solution, since it appears not to capture
its dual branched structure (Figure 12).

The asymptotic values of the exact crossover functions
for UR and UΨη, in the limit of large z, are shown not to
approach the universal predictions obtained in the
excluded volume limit. On the other hand, the asymp-
totic predictions of the Gaussian approximation do tend
to the values obtained in the excluded volume limit
(Figure 7).

The overall agreement of the equilibrium and linear
viscoelastic universal properties obtained here, with
earlier results of Renormalization group theories, sug-
gests that the narrow Gaussian potential, in conjunction
with Brownian dynamics simulation, can serve as an
excellent tool for the exploration of universal properties
at equilibrium and away from it.
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Appendix A. Gaussian Approximation

The Gaussian approximation is centered on exploiting
the assumption that the nonequilibrium distribution
function is a Gaussian distribution. The most important
consequence of this assumption is that the time evolu-
tion equation for the second moments of the distribution
function becomes a closed expression for the second
moments. Since we are only interested in equilibrium
and linear viscoelastic properties in this work, the
salient results in these limits are reproduced here.

The components fjk of the equilibrium second moment
tensor in the Gaussian approximation, 〈QjQk〉 ) fjk1,
where 1 is the unit tensor, can be determined by
numerically integrating the following system of ordinary
differential equations21

where

Here, the N × (N - 1) matrix Bµm has been defined

earlier below eq 20, and the quantities f̂νµ are defined
by

The swelling of the end-to-end vector can then be
shown to be given by

The two linear viscoelastic properties of interest
here are the zero shear rate viscosity ηp,0 and zero
shear rate first normal stress difference coefficient Ψ1,0.
As mentioned earlier, analytical expressions for both
these quantities can be obtained by developing a code-
formational memory integral expansion for the stress
tensor21

The quantities on the right-hand sides of these expres-
sions have lengthy definitions. They are presented in
turn below. The quantity Hjk is defined by

where the function θ(µ,m,n,ν) is unity if m and n lie
between µ and ν and zero otherwise:

The (N - 1)2 × (N - 1)2 matrix Ah jk,mn is defined by

where

Appendix B. The Cluster Integral

In this appendix, we examine the suitability of using
the cluster integral to represent the strength of excluded
volume interactions, when the narrow Gaussian poten-

d

dt
fjk )

2kBT

ú
Ajk - (Hú ) ∑

m)1

N-1

[fjm (Amk - z*∆km
(0) ) +

(Ajm - z*∆jm
(0)) fmk] (28)

∆jm
(0) ) ∑

µ)1

N [ Bj+1,m - Bµm

(d*2 + f̂j+1,µ)
5/2

-
Bjm - Bµm

(d*2 + f̂jµ)
5/2] (29)

f̂νµ ) ( H

kBT) ∑
j,k)min(µ,ν)

max(µ,ν)-1

fjk (30)

R2 ) ( H

kBT) 1

N - 1
∑

j,k)1

N-1

fjk ) ( H

kBT) 1

N - 1
f̂1N (31)

ηp,0 ) 4λH ∑
j,k)1

N-1

∑
m,n)1

N-1

HjkAh jk,mn
-1 fmn

Ψ1,0 ) 32λH
2 ∑

j,k)1

N-1

∑
m,n)1

N-1

∑
r,s)1

N-1

HjkAh jk,mn
-1 Ah mn,rs

-1 frs

(32)

Hjk ) npH(δjk -
1

2
z* ∑

µ,ν)1
µ*ν

N d*2θ(ν,j,k,µ)

(d*2 + f̂νµ)
7/2) (33)

θ(µ,m,n,ν) ) {1 if µ e m, n < ν or ν e m, n < µ

0 otherwise
(34)

Ah jk,mn ) (Ajmδkn + δjmAkn) - z*(∆jm
(0)δkn + δjm∆kn

(0)) +

z*( H

kBT)∑
p)1

N-1

[fjp∆kp,mn
(1) + ∆jp,mn

(1) fpk] (35)

∆jp,mn
(1) ) ∑

µ)1

N [(Bj+1,p - Bµp)θ(µ,m,n,j+1)

(d*2 + f̂j+1,µ)
7/2

-

(Bjp - Bµp)θ(µ,m,n,j)

(d*2 + f̂jµ)
7/2 ] (36)
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tial is used to model the interactions. If we define the
function

then the cluster integral can be written as

It is straightforward to show, for a hard-core repulsive
potential defined by

(where rνµ is the magnitude of the interbead vector,
rνµ ) |rνµ| and σ is the radius of the hard core), that
eq 37 leads to

As a result

The cluster integral is consequently related to the
volume of the hard core and clearly becomes smaller as
the radius of the hard core is reduced. If E(rνµ) is given
by the narrow Gaussian potential (eq 2), then in the
limit d* f 0 (as can be seen graphically in Figure 13)
the function ø(rνµ) is nonzero and equal to -1 only at
the origin and goes to zero everywhere else. Conse-
quently, the cluster integral â is identically zero in the
limit d* f 0. Clearly, this result is related to the result
derived above for the cluster integral of a hard-core
potential, in the limit of the radius of the hard core
σ f 0. In the context of the narrow Gaussian potential,
using a cluster integral to characterize the strength of
interactions would therefore not lead to the Edwards
model in the limit d* f 0.

The cluster integral is frequently used in perturbative
treatments of the Edwards model because well-estab-
lished cluster function methods can be used to carry
out expansions in powers of â. As mentioned earlier,
the continuum Edwards model corresponds to the limit

T f Tθ or v f 0. Consequently, it is meaningful to carry
out a perturbation expansion of exp(-E(rνµ)/kBT) for
small values of v:

If all higher order terms are neglected, it follows from
eq 37 that ø(rνµ) ) -E(rνµ)/kBT. On substituting the
repulsive potential of the Edwards model (eq 1) for E(rνµ)
and evaluating the cluster integral given by eq 38, one
can see that

Thus, in the limit of small v, and to first order, the
excluded volume parameter is indeed identical to the
cluster integral.

A famous result of the classical statistical mechanical
theory of fluids30 is the fact that, for an imperfect
gas, the second virial coefficient, B2(T), is simply related
to the cluster integral, i.e., B2(T) ) -â/2. Doi and
Edwards11 point out that if the total interaction energy
in the chain is written (in the continuous chain limit)
as

where c(r) ) ∫0
Ndr δ(r - rν) is the local concentration of

segments, then this expression can be regarded as the
first term in the expansion of the free energy with
respect to the local concentration, and consequently, v
can be regarded as being proportional to the virial
coefficient between the segments. On the basis of this
result, it is common to draw an analogy with the result
recalled above for an imperfect gas and to suggest that
v must be given by the cluster integral

This is not rigorously true, and is in fact only true in
the limit of small v, as we have seen above.

In conclusion, it is appropriate to use v (or z*) as the
parameter that characterizes the strength of excluded
volume interactions when carrying out exact Brownian
dynamics simulations, and it can be seen to be repre-
senting a measure of the contribution of excluded
volume interactions to the total potential energy of the
chain.
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(6) Schäfer, L. Excluded Volume Effects in Polymer Solutions;
Springer-Verlag: Berlin, 1999.

(7) Hayward, R. C.; Graessley, W. W. Macromolecules 1999, 32,
3502-3509.

(8) Miyaki, Y.; Fujita, H. Macromolecules 1981, 14, 742-746.

Figure 13. Nondimensional narrow Gaussian repulsive po-
tential energy E(rνµ)/kBT and the function ø(rνµ) vs the non-
dimensional magnitude of the interbead vector rνµ/xkBT/H,
for various values of the range of interaction d*. Curves above
x-axis represent E(rνµ)/kBT, while curves below the x-axis
represent ø(rνµ).

ø(rνµ) ) exp(-
E(rνµ)
kBT ) - 1 (37)

â ) ∫drνµ ø(rνµ) (38)

E(rνµ) ) {∞ for rνµ < σ

0 for rνµ > σ
(39)

ø(rνµ) ) {-1 for rνµ < σ

0 for rνµ > σ
(40)

â ) ∫0

σ
drνµ 4πr2(-1) ) - 4

3
πσ3 (41)

exp(-
E(rνµ)
kBT ) ) 1 -

E(rνµ)
kBT

+ 1
2(E(rνµ)

kBT )2

+ ... (42)

â ) -∫drνµvδ(rνµ) ) -v (43)

U1 ) 1
2
vkBT∫0

N
dν ∫0

N
dµ δ(rν - rµ) ) 1

2
vkBT∫dr c(r)2

(44)

v ) ∫drνµ [1 - exp(-
E(rνµ)
kBT )] (45)

Macromolecules, Vol. 36, No. 20, 2003 Equilibrium Swelling and Universal Ratios 7855



(9) Vidakovic, P.; Rondelez, F. Macromolecules 1985, 18, 700-
708.

(10) Bercea, M.; Ioan, C.; Ioan, S.; Simionescu, B. C.; Simionescu,
C. I. Prog. Polym. Sci. 1999, 24, 379-424.

(11) Doi, M.; Edwards, S. F. The Theory of Polymer Dynamics;
Oxford University Press: Oxford, 1986.

(12) Li, B.; Madras, N.; Sokal, A. D. J. Stat. Phys. 1995, 80, 661.
(13) Grassberger, P.; Sutter, P.; Schäfer, L. J. Phys. A: Math. Gen.
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